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Abstract
For a Tychonoff space X we denote by Cp(X) the space of all real-valued continuous functions
on X with the topology of pointwise convergence. It is known that some topological properties of
Cp(X) can be well characterized by topological properties of X. For example, Arhangel’skii and
Pytkeev proved that the tightness of Cp(X) is countable if and only if every finite power of X is
Lindelöf. In this paper, we give topological properties of X which characterize T -tightness and set-
tightness of Cp(X). A characterization of set-tightness of Cp(X) answers a question posed by Bella.
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1. Introduction
In this paper we assume that all spaces are Tychonoff and the letters τ and κ denote
infinite cardinal numbers. The symbol τ+ means the successor cardinal of τ . The letter
N denotes the set of all natural numbers. For a Tychonoff space X we denote by
Cp(X) the space of all real-valued continuous functions on X with the topology of
pointwise convergence. It is known that some topological properties of Cp(X) can be well
characterized by topological properties of X, see [3].
The tightness t (X) of a space X is the smallest infinite cardinal τ such that if A ⊂ X
and x ∈ A, then there exists B ⊂ A satisfying x ∈ B and |B| 6 τ . The Lindelöf number
l(X) of a space X is the smallest infinite cardinal τ such that any open cover of X has a
subcover of cardinality 6 τ . Tightness is a local property, and the Lindelöf number is a
global property.
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The following theorem is typical of our motivation.
Theorem 1.1 [2,15]. t (Cp(X))6 τ if and only if l(Xn)6 τ for every n ∈N.
There are some variations on tightness. In this paper we focus on T -tightness and set-
tightness and give characterizations of the T -tightness and the set-tightness of Cp(X).
The characterization of the set-tightness of Cp(X) answers the question posed in [8,
Question 1].
The T -tightness T (X) of a space X is the smallest infinite cardinal τ such that if
{Fα: α < κ} is an increasing family of closed subsets and cf(κ) > τ , then⋃{Fα : α < κ} is
closed in X [13]. Since the family {Fα : α < κ} is increasing and cf(κ) is regular, we may
say that the T -tightness T (X) is the smallest infinite cardinal τ such that if {Fα : α < κ}
is an increasing family of closed subsets and κ is a regular cardinal greater than τ , then⋃{Fα : α < κ} is closed in X. The set-tightness ts (X) of a space X is the smallest infinite
cardinal τ such that if A ⊂ X and x ∈ A− A, then there exists a family {Aα: α < τ } of
subsets of A satisfying x /∈ Aα for any α < τ and x ∈⋃{Aα: α < τ }. This notion was
first introduced in [4] and called quasi-character. The term set-tightness was proposed by
Juhász in [13].
For convenience, we recall some results on T -tightness and set-tightness.
Theorem 1.2. The following are known.
(1) ts(X)6 T (X)6 t (X) [13],
(2) if t (X) is a successor cardinal, then T (X)= t (X) [13],
(3) ts(X)6ψ(X) [4], and ts (X)6 F(X) [6], where ψ(X) is the pseudocharacter of X
and F(X) is the supremum of the lengths of free sequences in X,
(4) if X is compact, then ts (X)= t (X) [4].
2. T -tightness of Cp(X)
To characterize the T -tightness of Cp(X), in view of Theorem 1.2(2), we have to find a
topological property close to the Lindelöf number.
In this section the letters a and b denote infinite cardinal numbers with a 6 b. Let [a,
b] be the set of all cardinals τ such that a 6 τ 6 b. A point x in a space X is called a
complete accumulation point of a set H ⊂ X if for every neighborhood U of x we have
|U ∩H | = |H |.
We begin with an old theorem due to Alexandroff and Urysohn.
Theorem 2.1 [1]. The following are equivalent for a space X.
(Ara,b) Every subset H ⊂ X whose cardinality is a regular cardinal τ ∈ [a, b] has a
complete accumulation point.
(Bra,b) Every decreasing sequence {Fα : α < τ } of non-empty closed subsets, where
τ ∈ [a, b] is regular, has non-empty intersection.
(Cra,b) Every open cover of X whose cardinality is a regular cardinal τ ∈ [a, b] has a
subcover of cardinality < τ .
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A space X is called [a, b]-compact r if it satisfies one (and hence all) of the conditions
in Theorem 2.1. This terminology is due to [17], and the superscript r is a reminder of
the restriction to regular cardinals. A space X is called [a, b]-compact if every open cover
U of X with |U | 6 b has a subcover of cardinality < a. This notion was introduced by
Smirnov [16]. This same condition was studied independently by Gaal [10]. If a space
is [a, b]-compact (respectively [a, b]-compact r ) for all b > a, then it is called [a,∞]-
compact (respectively [a,∞]-compact r ). A [τ+,∞]-compact space X is just a space with
l(X)6 τ . Hence we may say in Theorem 1.1 that t (Cp(X))6 τ if and only if every finite
power ofX is [τ+,∞]-compact. Obviously every [a, b]-compact space is [a, b]-compact r .
But the converse is not true, for example, Mišcˇenko constructed an [ω1,∞]-compact r
space which is not Lindelöf [14].
A cover U of a set X is called an ω-cover if every finite subset of X is contained in
some member of U . We introduce an intermediate notion to give a characterization of the
T -tightness ofCp(X). A spaceX satisfies property T (τ) if whenever κ is a regular cardinal
greater than τ and U =⋃α<κ Uα an open ω-cover of X such that Uα ⊂ Uβ (α < β), there
exists α < κ such that Uα is an ω-cover of X.
Lemma 2.2. The following are equivalent for a space X.
(1) X satisfies the property T (τ),
(2) every finite power of X is [τ+,∞]-compact r .
Proof. Assume the condition (1). First we note that X is [τ+,∞]-compact r . We examine
the condition (Br
τ+,∞), see Theorem 2.1. Let κ be a regular cardinal greater than τ , and{Fα: α < κ} a decreasing collection of non-empty closed subsets of X. Let Uα =X − Fα
and Uα = {Uβ : β < α}. If ⋂α<κ Fα = ∅, then U =⋃α<κ Uα is an open ω-cover of X
such that Uα ⊂ Uβ (α < β). So there exists α < κ such that Uα is an ω-cover of X. This
implies Uα =X, which is a contradiction. Thus X is [τ+,∞]-compact r . Hence, to prove
the condition (2) we have only to see that the condition (1) is finitely productive. Let X be
a space satisfying the condition (1). Fix any n ∈N. Let κ be a regular cardinal greater than
τ and U =⋃α<κ Uα an open ω-cover of Xn such that Uα ⊂ Uβ (α < β). For each α < κ ,
let Vα be the collection of open subsets V of X such that V n is contained in some U ∈ Uα .
Then V =⋃α<κ Vα is an open ω-cover of X. Indeed, let F be a finite subset of X. Since
Fn is also finite, Fn ⊂ U for some U ∈ Uα . We can find an open subset V of X such that
Fn ⊂ V n ⊂ U . Then V ∈ Vα is as required one. Hence there exists α < κ such that Vα is
an ω-cover of X. This implies that Uα is an ω-cover of Xn. Thus Xn satisfies T (τ).
Conversely, assume the condition (2). Let κ be a regular cardinal greater than τ and
U =⋃α<κ Uα an open ω-cover of X such that Uα ⊂ Uβ (α < β). For every n ∈ N and
α < κ we set Vnα = {Un: U ∈ Uα}. Then every Vn =⋃α<κ Vnα is an open ω-cover of Xn
such that Vnα ⊂ Vnβ (α < β). For every n ∈ N, by the condition (Brτ+,∞) in Theorem 2.1,
there exists αn such that Vnαn covers Xn. Let γ be the supremum of αn’s. Then for every
n ∈N, Vnγ coversXn. This implies that Uγ is an ω-cover of X. 2
Theorem 2.3. The following are equivalent for a space X.
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(1) T (Cp(X))6 τ ,
(2) every finite power of X is [τ+,∞]-compact r .
Proof. Assume T (Cp(X)) 6 τ . We show that X satisfies the property T (τ). Let κ be
a regular cardinal greater than τ and U = ⋃α<κ Uα an open ω-cover of X such that
Uα ⊂ Uβ (α < β). For every α < κ we set
Fα =
{
f ∈Cp(X): f |(X−U)≡ 1 for some U ∈ Uα
}
.
Then the set
⋃
α<κ Fα is closed in Cp(X) because of T (Cp(X))6 τ . In other words,⋃
α<κ
Fα =
⋃
α<κ
Fα
holds. Let f0 be the constant function equal to 0. We claim f0 ∈⋃α<κ Fα . Recall that the
standard local base of f0 consists of the sets
[F ;W ] = {f ∈Cp(X): f (F )⊂W},
where F is a finite subset of X and W is an open interval containing 0. Let [F ;W ] be any
element of the standard local base of f0. Since U is an ω-cover of X, there exist α < κ and
U ∈ Uα such that F ⊂U . We choose an f ∈Cp(X) such that f |F ≡ 0 and f |(X−U)≡ 1.
Then f ∈ [F ;W ] ∩ Fα . Thus f0 ∈⋃α<κ Fα =⋃α<κ Fα . Take some α < κ with f0 ∈ Fα .
Then Uα is an ω-cover of X. Indeed, let F be a finite subset of X. When we consider the
neighborhood [F ;W1] of f0, whereW1 = (−1,1), there exists an element of [F ;W1]∩ Fα .
This implies that there exists U ∈ Uα with F ⊂U .
Conversely, assume that every finite power ofX is [τ+,∞]-compact r . Let κ be a regular
cardinal greater than τ and {Fα : α < κ} an increasing family of closed subsets of Cp(X).
Suppose g ∈⋃α<κ Fα . Since Cp(X) is homogeneous, we may assume g = f0. For every
n ∈N and α < κ , we set
Unα =
{
f−1(Wn): f ∈ Fα
}
, where Wn =
(
−1
n
,
1
n
)
, and Un =
⋃
α<κ
Unα.
Every Un is an ω-cover of X. Indeed, let F be a finite subset of X and consider the
neighborhood [F ;Wn] of f0. By f0 ∈⋃α<κ Fα , there exist α < κ and f ∈ Fα ∩ [F ;Wn].
Then F ⊂ f−1(Wn) ∈ Unα . Thus, every Un is an ω-cover of X. For every n ∈ N, by
Lemma 2.2, we can find αn < κ such that Unαn is an ω-cover of X. Let γ be the supremum
of αn’s. Then for every n ∈ N, Unγ is an ω-cover of X. Now we claim f0 ∈ Fγ . Let
[F ;W ] be any neighborhood of f0 and choose n ∈ N with Wn ⊂ W . Since Unγ is an
ω-cover of X, there exists an f ∈ Fγ such that F ⊂ f−1(Wn). Then f ∈ Fγ ∩ [F ;W ].
Thus f0 ∈ Fγ = Fγ . We conclude that ⋃α<κ Fα is closed in Cp(X). 2
Corollary 2.4. The following are equivalent.
(1) T (Cp(X))6 ω,
(2) every finite power of X is [ω1,∞]-compact r .
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Recall Theorem 2.1. It is easy to see that a space X is [ω1,∞]-compact r iff every well-
ordered increasing open cover of X has a countable subcover. So an [ω1,∞]-compact r
space is sometimes called a linearly Lindelöf space [12]. We should recall that a space
is Lindelöf iff it is linearly Lindelöf and countably metacompact, and it is still unknown
whether every normal linearly Lindelöf space is Lindelöf [12].
Corollary 2.5. If T (Cp(X))6 τ , then T (Cp(X)τ )6 τ .
Proof. Let n ∈ N, in view of [7, Theorem 3.7], we have only to show T (Cp(X)n) 6 τ .
When T (Cp(X)) 6 τ , every finite power of X is [τ+,∞]-compact r by Theorem 2.3.
Let Y be the topological sum of n copies of X. Then it is easy to see that Cp(X)n is
homeomorphic to Cp(Y ) and every finite power of Y is [τ+,∞]-compact r . Hence we
obtain T (Cp(X)n)6 τ . 2
Example 2.6. For every infinite cardinal τ , we set Xτ = R∗(τ+), where R∗(τ+) is the
space constructed in the proof of [11, Theorem 2.1]. It is proved in [11] that the space Xτ
is [ω1,∞]-compact r but not [τ+,∞]-compact (i.e., l(Xτ ) > τ ). By the same argument
as in [11, Theorem 2.1], it is not difficult to see that every finite power of Xτ is also
[ω1,∞]-compact r . Hence T (Cp(Xτ ))= ω, but t (Cp(Xτ )) > τ . The space Xω = R∗(ω1)
is originally due to [14].
Asanov proved in [5] that the inequality t (Xn)6 l(Cp(X)) holds for every space X and
any n ∈N. As an analogous result, we note the following.
Proposition 2.7. If Cp(X) is [τ+,∞]-compact r , then T (Xτ )6 τ .
Proof. Let n ∈ N, in view of [7, Theorem 3.7], we have only to show T (Xn)6 τ . Let κ
be a regular cardinal greater than τ , and {Fα : α < κ} be an increasing family of closed
subsets of Xn. Assume (x1, . . . , xn) ∈⋃α<κ Fα . For every i = 1, . . . , n we take an open
neighborhoodUi of xi such that Ui =Uj if xi = xj , and Ui ∩Uj = ∅ if xi 6= xj . For every
α < κ we set
Hα = (U1 × · · · ×Un)∩Fα.
Then the collection {Hα: α < κ} is increasing and (x1, . . . , xn) ∈ ⋃α<κ Hα . For every
(y1, . . . , yn) ∈Xn we set
U(y1, . . . , yn)=
{
f ∈Cp(X): |f (y1)+ · · · + f (yn)|< 1
}
,
Uα =
{
U(y1, . . . , yn): (y1, . . . , yn) ∈Hα
}
for α < κ.
Let U =⋃α<κ Uα and Z = {f ∈ Cp(X): f |E ≡ 0}, where E = {x1, . . . , xn}. The set Z is
obviously closed in Cp(X) and U is an open family of Cp(X) such that Uα ⊂ Uβ (α < β).
We are going to check that U covers Z. Let f ∈ Z. Since f−1(−1/n,1/n)n is a neigh-
borhood of (x1, . . . , xn), there exist α < κ and (y1, . . . , yn) ∈ Hα ∩ f−1(−1/n,1/n)n.
Hence |f (y1)+· · ·+f (yn)|< 1. Thus, f ∈U(y1, . . . , yn) ∈ Uα . Since Cp(X) is [τ+,∞]-
compact r , by the condition (Br
τ+,∞), there exists α < κ such that Uα covers Z.
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Now we claim (x1, . . . , xn) ∈ Hα . To this end we will first verify (x1, . . . , xn) ∈ Hα .
For every i = 1, . . . , n we take any open neighborhood Vi of xi with Vi ⊂ Ui , where
we assume Vi = Vj if xi = xj . We choose an f ∈ Cp(X) such that f (X) ⊂ [0,1],
f |E ≡ 0 and f |(X − V1 ∪ · · · ∪ Vn) ≡ 1. Obviously f ∈ Z, therefore there exists
(y1, . . . , yn) ∈Hα such that f ∈ U(y1, . . . , yn). By the condition f (y1)+ · · ·+f (yn) < 1,
{y1, . . . , yn} ⊂ V1 ∪ · · · ∪ Vn. Assume yj ∈ Vij for j = 1, . . . , n. Then (y1, . . . , yn) ∈
(Vi1 × · · · × Vin) ∩ (U1 × · · · × Un). This implies Vij = Vj for j = 1, . . . , n. Thus we
conclude (x1, . . . , xn) ∈Hα =Hα ⊂ Fα . The set ⋃α<κ Fα is closed in Xn. 2
Unfortunately the following question is open.
Question 2.8. If Cp(X) is [τ+,∞]-compact r , then does l(Cp(X))6 τ hold? As a special
case, if Cp(X) is [ω1,∞]-compact r , then is Cp(X) Lindelöf?
3. Set-tightness of Cp(X)
To characterize the set-tightness of Cp(X), we introduce the property ts(τ ).
Let U be a collection of cozero subsets of a space X, and
Z(U)= {Z(U): U ∈ U}
be a collection of zero-sets of X indexed by U . Then the pair (U,Z(U)) is called a ts -pair
ofX if (i) for everyU ∈ U , Z(U)⊂U 6=X, (ii) Z(U) is an ω-cover ofX. For every V ⊂ U
we set Z(V)= {Z(V ): V ∈ V}. A space X satisfies the property ts(τ ) if for every ts -pair
(U,Z(U)) there exist Uα ⊂ U (α < τ) such that any Z(Uα) is not an ω-cover of X and⋃
α<τ Uα is an ω-cover of X.
Theorem 3.1. The following are equivalent for a space X.
(1) ts(Cp(X))6 τ ,
(2) X satisfies the property ts(τ ).
Proof. Assume ts (Cp(X))6 τ . Let (U,Z(U)) be a ts -pair of X. For every U ∈ U choose
an fU ∈ Cp(X) such that
fU |Z(U)≡ 0 and fU |(X−U)≡ 1.
Let A= {fU : U ∈ U}. Then obviously f0 ∈A−A, where f0 is the constant function to 0.
By ts (Cp(X))6 τ , there exist Uα ⊂ U (α < τ) such that
(a) f0 /∈ {fU : U ∈ Uα} for any α < κ ,
(b) f0 ∈ {fU : U ∈⋃α<τ Uα}.
If Z(Uα) is an ω-cover of X, then f0 ∈ {fU : U ∈ Uα}. Therefore, by the condition (a), any
Z(Uα) is not an ω-cover of X. Moreover we can see that
⋃
α<τ Uα is an ω-cover of X.
Indeed, let F be a finite subset of X. When we take the open neighborhood [F ; (−1,1)]
of f0, by the condition (b), there exists U ∈⋃α<τ Uα such that fU ∈ [F ; (−1,1)]. This
implies F ⊂U .
Conversely, assume that X satisfies the property ts (τ ). Let A be a subset of Cp(X)
and suppose g ∈ A − A. Since Cp(X) is homogeneous, we may assume g = f0. For
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every f ∈ A and any n ∈ N, let U(n,f ) = f−1(Wn) and Z(n,f ) = f−1(In+1), where
Wn = (−1/n,1/n) and In = [−1/n,1/n]. We set
Un =
{
U(n,f ): f ∈A} and Zn = {Z(n,f ): f ∈A}.
If the set {n ∈ N: X ∈ Un} is infinite, then we can find a sequence {fn}n∈N ⊂ A which
uniformly converges to f0. So, without loss of generality, we may assume X /∈ Un for any
n ∈N.
We note that every Zn is an ω-cover of X. Indeed, let F be a finite subset of X
and consider the open neighborhood [F ;Wn+1] of f0. By f0 ∈ A, there exists an f ∈
[F ;Wn+1] ∩ A. Then f (F ) ⊂ Wn+1 ⊂ In+1, namely F ⊂ f−1(In+1) = Z(n,f ). Thus,
for every n ∈ N, (Un,Zn) is a ts -pair of X. By virtue of the property ts (τ ), we obtain a
collection {Anα: n ∈N, α < τ } of subsets of A such that
(c) {Z(n,f ): f ∈Anα} is not an ω-cover of X for any n ∈N, α < τ ,
(d) {U(n,f ): f ∈⋃α<τ Anα} is an ω-cover of X for every n ∈N.
The condition (c) means f0 /∈ Anα . Indeed, choose a finite set F which is not contained
in Z(n,f ) for any f ∈ Anα , and consider the open neighborhood [F ;Wn+1] of f0. Then
obviously [F ;Wn+1] ∩ Anα = ∅. The condition (d) means f0 ∈⋃{Anα: n ∈N, α < τ }.
Indeed, let F be a finite subset of X and W an open neighborhood of 0. Choose n
with Wn ⊂ W . Since {U(n,f ): f ∈ ⋃α<τ Anα} is an ω-cover of X, there exists an
f ∈⋃α<τ Anα such that F ⊂ U(n,f ). This implies f ∈ [F ;W ] ∩ (⋃α<τ Anα). Thus,
ts(Cp(X))6 τ . 2
Corollary 3.2. If ts (Cp(X))6 τ , then ts (Cp(X)τ )6 τ .
Proof. Assume ts(Cp(X))6 τ . ThenX satisfies the property ts (τ ) by Theorem 3.1. By [7,
Theorem 2.10], we have only to show ts (Cp(X)n)6 τ for every n ∈N. Recall that Cp(X)n
is homeomorphic to Cp(X1 ⊕ · · · ⊕ Xn), where each Xi is a homeomorphic copy of X.
So we show that X1 ⊕ · · · ⊕Xn satisfies the property ts (τ ). Let (U,Z(U)) be a ts -pair of
X1 ⊕ · · · ⊕Xn, and let φi :X→Xi be the identity map. For every U ∈ U we set
U ′ =
n⋂
i=1
φ−1i (U ∩Xi), Z(U ′)=
n⋂
i=1
φ−1i
(
Z(U)∩Xi
)
.
Let U ′ = {U ′: U ∈ U} and Z(U ′) = {Z(U ′): U ∈ U}. Then it is easy to see that
(U ′,Z(U ′)) is a ts -pair of X. Since X satisfies the property ts (τ ), there exist Uα ⊂ U
(α < τ) such that
(e) {Z(U ′): U ∈ Uα} is not an ω-cover of X for any α < τ ,
(f) {U ′: U ∈⋃α<τ Uα} is an ω-cover of X.
The condition (e) implies that Z(Uα) is not an ω-cover of X1 ⊕ · · · ⊕Xn. The condition
(f) implies that ⋃α<τ Uα is an ω-cover of X1⊕ · · ·⊕Xn. Thus X1⊕ · · ·⊕Xn satisfies the
property ts (τ ). 2
Corollary 3.3. LetK be a compact subset of Cp(X). IfX satisfies the property ts(τ ), then
t (K)6 τ .
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Proof. Recall Theorem 1.2(4) and apply Theorem 3.1. 2
Remark 3.4. We observe that the property ts(τ ) is not closed hereditary. Let D(τ+) =
{xα: α < τ+} be the discrete space of cardinality τ+. Let Uα = {xβ : β < α} for α < τ+.
When we set U = {Uα: α < τ+},Z(U)= {Z(Uα)=Uα : α < τ+}, (U,Z(U)) is obviously
ts -pair of D(τ+). Note that a subfamily V of U is an ω-cover of D(τ+) if and only if
|V| = τ+. Hence we can see that D(τ+) does not satisfy the property ts (τ ). We denote
by d(X) the density of a space X. Let Yτ be a space containing D(τ+) as a closed subset
such that d(Yτ )6 τ . Such a space exists. Indeed, let C be the one-point compactification of
D(τ+). EmbedC intoRτ+ , whereR is the real line, and take a dense subsetE ofRτ+ such
that E ∩C = ∅ and |E| = τ , recall the Hewitt–Marczewski–Pondiczery theorem. Now the
subspace Yτ =E∪D(τ+) is a desired one. For any space X, ψ(Cp(X))= d(X) holds [3].
Therefore, by Theorem 1.2(3), ts(Cp(Yτ )) 6 τ . Thus, Yτ satisfies the property ts(τ ) but
the closed subspace D(τ+) does not.
Since the space Yτ is not [τ+,∞]-compact r , T (Cp(Yτ )) > τ .
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